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SOME RECENT WORK ON BIHARMONIC CONFORMAL
MAPS
YE-LIN OU ∗
Abstract
This note reviews some of the recent work on biharmonic conformal
maps (see [38], Chapter 11, for a detailed survey). It will be fo-
cused on biharmonic conformal immersions and biharmonic confor-
mal maps between manifolds of the same dimension and their links
to isoparametric functions and Yamabe type equations, though bi-
harmonic morphisms (maps that preserve solutions of bi-Laplace
equations), generalized harmonic morphisms (maps that pull back
germs of harmonic functions to germs of biharmonic functions),
and biharmonic conformal and Riemannian submersions will also
be touched.
1. Biharmonic conformal maps
A weakly conformal map is a conformal immersion φ : (Mm, g)→ (Nn, h) away
from its branch points where dφp = 0. So, for a weakly conformal map, we have
φ∗h = λ2g for a function λ ≥ 0 called the conformal factor of φ, and λ(p) = 0 if
and only if p ∈M is a branch point of φ. A weakly conformal map with conformal
factor λ > 0 (respectively, λ = C > 0, or λ = 1) is called a conformal immersion
(respectively, a homothetic, or an isometric immersion).
A horizontally weakly conformal map is a map φ : (M, g)→ (N, h) such that for
any p ∈M , either dφp = 0, or dφp|Hp : Hp → Tφ(p)N is conformal and onto, where
Hp = (kerdφp)
⊥ is the horizontal subspace of φ. It is well known (see, e.g., [9])
that for a horizontally weakly conformal map, there exists a function λ ≥ 0, called
the dilation of φ, such that h(dφ(X), dφ(Y )) = λ2(p)g(X, Y ) for any horizontal
vectors X, Y ∈ Hp. Note that λ(p) = 0 if and only if dφp = 0. A horizontally
Date: 09/10/2019.
1991 Mathematics Subject Classification. 58E20.
Key words and phrases. Biharmonic conformal maps, biharmonic conformal immersions,
biharmonic Riemannian submersions, generalized harmonic morphisms.
∗ This work was supported by a grant from the Simons Foundation (#427231, Ye-Lin Ou).
1
2 YE-LIN OU ∗
weakly conformal map with dilation λ > 0 (respectively, λ = C > 0, or λ = 1)
is called a conformal submersion (respectively, a homothetic, or a Riemannian
submersion).
Clearly, we have the following relationships among various conformal maps:
{Isometric immersions} ⊂ {Conformal immersions} ⊂ {Weakly conformal maps};
{Riemannian submersions} ⊂ {Conformal submersions} ⊂ {Horizontally weakly conformal maps}.
When the domain and the target manifolds have the same dimension, the weak
conformality agrees with the horizontal weak conformality. In this case, confor-
mal immersions are precisely conformal submersions, and we call them conformal
maps in this note. Note that, unlike most other books, our definition of confor-
mal maps does not require conformal maps be diffeomorphisms, although they
are local diffeomorphisms by the well known inverse mapping theorem.
A harmonic map is a map φ : (Mm, g) → (Nn, h) between Riemannian mani-
folds whose tension field τ(φ) = Traceg∇dφ vanishes identically. Harmonic maps
include harmonic functions, geodesics, minimal submanifolds, and Riemannian
submersions with minimal fibers as special cases. We refer the reader to [17],
[18], [19] and [44] for the beautiful theory, important applications and interesting
links of harmonic maps and the related topics.
A biharmonic map is a map φ : (Mm, g)→ (Nn, h) between Riemannian mani-
folds that is a critical point of the bienergy functional E2(φ, g) =
1
2
∫
M
|τ(φ)|2dvg ,
where τ(φ) is the tension field of φ. Biharmonic map equation is a system of the
4th order elliptic PDEs (see [23]):
(1) τ2(φ) := Traceg
(
(∇φ)2τ(φ)− RN(dφ, τ(φ))dφ
)
= 0
where RN denotes the Riemannian curvature of the target manifold N .
A biharmonic submanifold is one whose defining isometric immersion is a bi-
harmonic map. From the definition of biharmonic maps and the well known fact
that a submanifold is minimal if and only if its defining isometric immersion is
harmonic, we have the following relations:
{Harmonic maps} ⊂ {Biharmonic maps};
{Minimal submanifolds} ⊂ {Biharmonic submanifolds}.
For this reason, we use the name proper biharmonic maps for those biharmonic
maps which are not harmonic, and proper biharmonic submanifolds for those
biharmonic submanifolds which are not minimal.
By the nature of the biharmonic map equation in general, it is very difficult to
get a solution, or try to get some geometric and/or topological information of the
spaces which support such maps. However, some recent study have shown that
studying biharmonic maps under some geometric constraints is both practical
and fruitful. For example, by adding geometric condition of “being isometric
immersion”, we have
{Biharmonic submanifolds} = {Biharmonic maps} ∩ {Isometric immersions},
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which have been receiving a growing interest from many researchers and some
interesting progress has been made since 2000. We refer the reader to a recent
survey [36] for a progress report on the study of biharmonic submanifold.
Another natural geometric condition to impose is “being horizontally weakly
conformal (HWC for short)”, thus we study biharmonic HWC maps, which con-
tains the following interesting subsets
{Bihar. Riemannian submersions} ⊂ {Bihar. Conformal submersions} ⊂ {Bihar. WHC maps}.
Motivations to study biharmonic HWC maps include:
(i) Bihar. morphisms are special cases of bihar. HWC maps;
(ii) Generalized har. morphisms into Rn are special bihar. HWC maps;
(iii) Bihar. HWC maps are generalization of har. morphisms since
{Har. morphisms} =
(
{Har. maps} ∩ {WHC maps}
)
⊂
(
{Bihar. maps} ∩ {WHC maps}
)
.
Recall that a harmonic morphism is a map between Riemannian manifolds that
preserves solutions of Laplace equation. Harmonic morphisms are characterized
as HWC harmonic maps ([20], [22]). We refer the reader to the book [9] for a
comprehensive study of the geometry of harmonic morphisms.
Recall also that a biharmonic morphism ([30]) is a map φ : (M, g) → (N, h)
between Riemannian manifolds which preserves solutions of bi-Laplace equation
in the sense that ∆2N f = 0 implies ∆
2
M (f◦φ) = 0 for any function f : N ⊃ V → R
with φ−1(V ) non-empty. It was proved in [30], [25] and [26] that any biharmonic
morphism is a biharmonic HWC map.
A more general type of morphisms of harmonicity called generalized harmonic
morphisms were recently studied in [21]. By definition, a generalized harmonic
morphism is a map between Riemannian manifolds that pulls back germs of
harmonic functions to germs of biharmonic functions. Among other things, it
was proved in [21] that
(i) {Har. morphisms} ⊂ {Generalized har. morphisms}
(ii) {Bihar. morphisms} ⊂ {Generalized har. morphisms}
(iii) Generalized har. morphisms into Rn are special bihar. HWC maps;
(iv) There are many examples of proper biharmonic Riemannian submersions.
Biharmonic Riemannian submersions were first studied in [28]. For some recent
work on this subject, see [12], [26], [43], [21], [41], and [1].
2. Biharmonic conformal maps between manifolds of the same
dimension
2.1 Biharmonic conformal map equations
It is easily checked that the tension field of a conformal map φ : (Mm, g) →
(Nm, h) is τ(φ) = −(m − 2)dφ(∇ lnλ). Thus, the picture of harmonic maps
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between manifolds of the same dimension is very simple: every conformal map
φ : (M2, g) → (N2, h) is harmonic; and for m 6= 2, a conformal map is φ :
(Mm, g)→ (Nm, h) harmonic if and only if λ is a constant, i.e., φ is a homothety.
The following theorem shows that biharmonic conformal maps are far more
complicated and hence have much more to study.
Theorem 2.1. [8] A conformal map φ : (Mm, g) → (Nm, h) with m ≥ 3 is
biharmonic if and only if the conformal factor λ solves the PDE:
λ∇∆λ− 3(∆λ)∇λ−
m− 4
2
∇|∇λ|2 + 2λRicM(∇λ) = 0,(2)
where and in the rest of the paper, ∇, |, |, and ∆ denote the gradient, the norm,
and the Laplacian defined by the metric g, In particular, a conformal map from
an Einstein 4-manifold with RicciM = ag is biharmonic if and only if
(3) ∆λ− aλ = Aλ3,
where A is a constant such taht
(4) 6A+
2a
λ2
+Rh = 0
holds for the scalar curvature Rh of the target manifold.
2.2 Interesting links to isoparametric functions and Yamabe type
equations
(i) Biharmonicity and isoparametric functions.
The following interesting link was found in [6]
Theorem 2.2. ([5], [6], see also [8]) For m > 2 and m 6= 4, a conformal map
φ : (Mm, g) → (Nm, h) from an Einstein manifold is biharmonic if and only if
the conformal factor λ is an isoparametric function.
Here, an isoparametric function is a function f : M → R on a Riemannian
manifold such that (i) |∇ f |2 = α(f), and (ii) ∆f = β(f) for some real variable
functions α and β. Isoparametric functions on space forms have rich geometry
related to hypersurfaces of constant principal curvatures which have been studied
since 1918. For a good survey on this subject, see [40].
(ii) Biharmonic equation is a Yamabe type Equation. It is well known
that the Yamabe problem is to find a metric h, within the conformal class [g] =
{σg| σ : M → (0,∞)} of metrics on a closed Riemannian manifold (Mm, g), that
has constant scalar curvature Rh. For m ≥ 3 and h = λ
4
m−2 g, the problem is
equivalent to solving the Yamabe equation:
(5) −
4(m− 1)
m− 2
∆g λ+Rg λ = Rh λ
m+2
m−2 , Rh = constant.
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In Particular, when m = 4, the Yamabe equation reads:
(6) ∆g λ−
1
6
Rg λ = −
1
6
Rh λ
3, Rh = constant.
More generally, the following Yamabe type equation
(7) ∆g u− αu = −β u
3, α and β are functions,
has been studied by many mathematicians (see, e.g., [2], [3], [4], and [42]).
Theorem 2.1 shows that biharmonic equation for conformal maps from an Ein-
stein 4-manifold is a Yamabe type equation.
(iii) Biharmonicity and Sobolev embedding Theorem.
The following link was found in [8]
Corollary 2.3. For m = 4, the Euler-Lagrange equation for the extremal func-
tions saturating the Sobolev inequality
c
(∫
Rm
|v|2m/(m−2)dx
)(m−2)/m
≤
∫
Rm
|∇v|2dx
is
(8) ∆v = −2v3, on R4,
which is a special case of the biharmonic equation for conformal maps from Eu-
clidean space φ : R4 ⊇ U → (N4, h).
We refer the reader to [14] for an explanation of the Euler-Lagrange equation
for the extremal functions saturating the Sobolev inequality.
2.3 Some recent results
We would like to point out that it is the discovery of the link between bi-
harmonic equation for conformal maps and the Yamabe type equation and he
Euler-Lagrange equation for the extremal functions saturating the Sobolev in-
equality that provides us very useful tools in our classification of biharmonic
Mo¨bius transformations, understanding of biharmonic metrics, and proving some
existence theorems about biharmonic conformal maps from a compact Einstein
4-manifold. The following is a list of some results from [8], we refer the reader to
the original paper for all details and other results.
♣ A conformal map φ : (M4, g) → (N4, h) with φ∗h = λ2g from an Einstein
manifold with RicciM = ag into a manifold with constant scalar curvature is
biharmonic if and only if it is a homothety (hence a harmonic map), or
a = 0, and ∆λ = −
Rh
6
λ3.
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♣ The only possible case for proper biharmonic conformal map to exist (even
locally) between 4-dimensional space forms is: R4 ⊇ U → M4(C), where M4(C)
denotes a 4-dimensional space form. This confirms and extends a result in [27]
which states that the only rotationally symmetric, proper biharmonic conformal
diffeomorphisms between 4-dimensional space form appear in the case of R4 ⊇
U → M4(C).
♣ A conformal map φ : R4 ⊇ U → R4, or φ : R4 ⊇ U → S4 is biharmonic if
and only if it is a restriction of a Mo¨bius transformation φ : R4 ⊇ U → R4 with
φ(x) = a+
αA(x− b)
|x− b|ε
a, b ∈ R4, α ∈ R \ {0}, A ∈ O(4), ε ∈ {0, 2},
for all x ∈ R4. The first map is proper biharmonic if and only if ε = 2 whilst the
seond map is always proper biharmonic.
♣ There exists a function λ on a closed Einstein 4-manifold with negative Ricci
curvature so that 1g : (M
4, g)→ (M4, h = λ2g) is a proper biharmonic map.
♣ There exists no proper biharmonic conformal map from a close Ricci flat
4-manifold into any Riemannian 4-manifold;
♣ There exists an infinite family of conformal metrics λ2g on the Euclidean
4-sphere so that the identity map 1g : (S
4, g) → (S4, h = λ2g) is a proper
biharmonic conformal diffeomorphism. Note that by the 2nd item of this list, no
(not even local) proper biharmonic conformal map exists between the Euclidean
4-spheres.
Recall that a Riemannian metric g¯ on a Riemannian manifold (Mm, g) is called
a harmonic metric ([16]) (respectively, biharmonic metric) with respect to g if the
identity map 1g : (M
m, g)→ (Mm, g¯) is a harmonic map (respectively, biharmonic
map).
Corollary 2.4. ([11], [8]) The identity map 1g : (M
m, g) → (Mm, g¯ = λ2g)
is biharmonic (i.e., the conformally related metric g¯ = λ2g is biharmonic with
respect to g) if and only if
λ∇∆λ− 3(∆λ)∇λ−
m− 4
2
∇|∇λ|2 + 2λRicM(∇λ) = 0.(9)
From this we have:
♣ A metric h = λ2dx2 on an open set U ⊆ R4 is biharmonic if and only if λ
is a solution of the Yamabe equation or, equivalently, h = λ2dx2 has constant
scalar curvature Rh and ∆λ = −
Rh
6
λ3 ([8]).
♣ The conformally flat metric h = |x|2αdx2 on R4 \ {0} is biharmonic with
respect to Euclidean metric dx2 if and only if α = −1, or − 2 ([8]).
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Example 1. The conformally flat metric λ2dx2 with λ = |x|−1, |x|−2, 2
1±|x|2 is
biharmonic with respect to Euclidean metric dx2 on an open set of U ⊂ R4.
Equivalently, each of the following identity maps
1 : (R4 \ {0}, dx2)→
(
R
4 \ {0},
dx2
|x|2
)
, 1 : (R4 \ {0}, dx2)→
(
R
4 \ {0},
dx2
|x|4
)
,
1 : (R4, dx2)→
(
R
4,
4dx2
(1 + |x|2)2
)
, 1 : (B4, dx2)→
(
B
4,
4dx2
(1− |x|2)2
)
,
is a proper biharmonic map ([8] and [26]).
Note that several results (including the following one) on some obstructions
on the existence of biharmonic metric on a compact Einstein manifold have been
obtained in [7].
Theorem 2.5. [7] There exists no proper biharmonic metric on a compact Ein-
stein manifold (Mm, g) with Ricg = a g for either (i) a < 0 and m ≥ 6, or (ii)
a ≤ 0 and m > 6.
3. Biharmonic conformal immersions
In this section, we review some recent work on biharmonic conformal immer-
sions done in [32], [34], [35], and [37].
3.1 Biharmonic conformal immersions
It is easily checked (see e.g., [39]) that the tension field of a conformal immer-
sion φ : (Mm, g) → (Nn, h) with φ∗h = λ2g is given by τ(φ) = mλ2η − (m −
2)dφ(∇ lnλ), where η is the mean curvature vector field of the associated iso-
metric immersion (submanifold) φ : (Mm, g¯ = λ2g) → (Nn, h). Using this with
m = 2, we have the well-known
Fact: A conformal immersion φ : (M2, g)→ (Nn, h) of a surface is harmonic if
and only if its image φ(M2) ⊂ (Nn, h) is a minimal surface.
It is this interesting link, together with the beautiful theory and important
applications of minimal surfaces, and the relation
{Har. conformal immersions} ⊂ {Bihar. conformal immersions},
that motivates us to study biharmonic conformal immersions.
An idea here is to express the biharmonicity of a conformal immersion by using
the data (including the Laplacian, the gradient, the shape operator and the mean
curvature, etc) of its associated isometric immersion. A reason for this is not only
that we can use some of the tools and results from submanifold theory but also
that (as we hope) the study of biharmonic conformal immersions will help to
understand the geometry of submanifolds.
The following transformations of the Jacobi operator and the bitension field
under a conformal change of the domain metric for a generic map play an im-
portant role in our study of conformal immersions. Note that the idea of using
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a conformal change of the domain metric of a harmonic map to construct proper
biharmonic maps or metrics had been successfully used in [5].
Theorem 3.1. [32] For a map φ : (Mm, g) → (Nn, h) and a conformal change
of the metric g¯ = λ2g, let Jφg and τ2(φ, g) (respectively, J
φ
g¯ and τ2(φ, g¯)) denote
the Jacobi operator and the bitension field of φ with respect to g (respectively, g¯)
respectively. Then, the following transformation hold
Jφg¯ (X) = λ
−2[Jφg (X)− (m− 2)∇
φ
∇ lnλX ], and
τ2(φ, g¯) = λ
−4{τ2(φ, g)− (m− 2)J
φ
g (dφ(∇ lnλ))
−2(∆lnλ+ (m− 4) |∇ lnλ|2)τ(φ, g) + (m− 6)∇φ∇ lnλ τ(φ, g)
−2(m− 2)(∆lnλ+ (m− 4) |∇ lnλ|2)dφ(∇ lnλ)
+(m− 2)(m− 6)∇φ∇ lnλ dφ(∇ lnλ)},
where the Jacobi operator is defined as
(10) Jφg (X) = −{Traceg(∇
φ∇φ −∇φ∇M )X − TracegR
N(dφ,X)dφ}
for any vector field X along the map φ so that Jφg (τ(φ)) = −τ2(φ).
Proposition 3.2. [32] A conformal immersion φ : (Mm, g) → (Nn, h) with the
conformal factor λ is biharmonic if and only if
λ4τ2(φ, g¯) = −(m− 2)J
φ
g (dφ(∇ lnλ))−m(∆λ
2)η +m(m− 6)λ2∇φ∇ ln λ η,
where τ2(φ, g¯) and η are the bitension field and the mean curvature vector of the
associated submanifold.
Using this, we can check the following
Example 2. The map φ : (R3 ×R+, g = δij)→ (H
5 = R4 ×R+, h = y−25 δαβ) with
φ(x1, . . . , x4) = (1, x1, . . . , x4) gives a proper biharmonic conformal immersion of
the Euclidean space into the Hyperbolic space.
Note that a similar problem of studying biharmonicity of immersions via con-
formal changes on the target manifold was done in [29], where, among other
things, the author proved that the equator of a Euclidean sphere (viewed as a
totally geodesic submanifold) can be turned into a proper biharmonic submani-
fold via some particular conformal change of the Euclidean metric on the ambient
sphere.
3.2 Biharmonic conformal immersions of surfaces
For a conformal immersion of a surface we have
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Theorem 3.3. [32, 35, 37] A conformal immersion φ : (M2, g¯) → (N3, h) with
conformal factor λ is biharmonic if and only if
(11)
{
∆(λ2H)− (λ2H)[|A|2 − RicN(ξ, ξ)] = 0,
A(grad(λ2H)) + (λ2H)[gradH − (RicN (ξ))⊤] = 0.
where ξ, A, and H are the unit normal vector field, the shape operator, and
the mean curvature function of the surface φ(M) ⊂ (N3, h) respectively, and the
operators ∆, grad and |, | are taken with respect to the induced metric g = φ∗h =
λ2g¯ on the surface.
It was shown in [33] that an isometric immersion (i.e., hypersurface) Mm →
(Nm+1, h) is biharmonic if and only if
(12)
{
∆H −H|A|2 +HRicN(ξ, ξ) = 0,
2A (gradH) + m
2
gradH2 − 2H (RicN (ξ))⊤ = 0.
By comparing Equations (12) and (11), we see how biharmonic equation trans-
forms under the change of the conformal factor from constant 1 to a function
λ. The similar form of the first equation in the system allows us to use some of
the tools used in and results from the biharmonic submanifold theory to study
biharmonic conformal immersions.
In general, we have
{Isometric immersions} ⊂ {Conformal immersions} and hence
{Bihar. isometric immersions} = {Bihar. submanifolds} ⊂ {Bihar. conformal immersions}
When the ambient space is a Euclidean space, a well known result, proved
by Chen-Ishikawa [15] and Jiang [24] independently, shows that there exists no
proper biharmonic isometric immersion from a surface into Euclidean space R3.
However, the following result shows that there are infinitely many proper bihar-
monic conformal immersions of surfaces into R3.
Proposition 3.4. [32] For constants C1 and C2 with C2/C1 < 0, let λ
2 = C1e
z+
C2e
−z and D = {(θ, z) ∈ (0, 2pi) × R : z 6= 1
2
ln(−C2/C1)}. Then, the map
φ : (D, g = λ−2(dθ2 + dz2)) → R3 with φ(θ, z) = (cos θ, sin θ, z) is a proper
biharmonic conformal immersions of a circular cylinder of radius 1 into Euclidean
space R3. In particular, for D = {(θ, z) ∈ (0, 2pi)× R : z 6= 0}, we have a proper
biharmonic conformal immersion φ : (D, g = sinh−1(z)(dθ2 + dz2)) → R3 with
φ(θ, z) = (cos θ, sin θ, z).
The following theorem gives some obstructions to the existence of proper bi-
harmonic conformal immersions.
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Theorem 3.5. [37] Let φ : (M2, g¯)→ (R3, h0) be a biharmonic conformal immer-
sion into 3-dimensional Euclidean space with φ∗h0 = λ2g¯. Suppose the associated
surface φ : (M2, g = λ2g¯) → (R3, h0) is complete with the mean curvature func-
tion H satisfying
∫
M
λ4H2 dvg <∞. Then the biharmonic conformal immersion
φ is a minimal (i.e., harmonic) immersion.
A practical (also relatively easier) question to ask is: what submanifold admits
a biharmonic conformal immersion into its ambient space? Here, a submanifold of
(Nn, h) given by an isometric immersion φ : (Mm, g)→ (Nn, h) is said to admit a
biharmonic conformal immersion into its ambient space, if there exists a function
λ :Mm → (0,∞) so that the conformal immersion φ : (Mm, g¯ = λ−2g)→ (Nn, h)
is a biharmonic map. When this happens, we also say that the submanifold
φ : (Mm, g) → (Nn, h) can be biharmonically conformally immersed into its
ambient space.
We know that a surface φ : (M2, g) → (Nn, h) is minimal if and only if its
defining isometric immersion φ a harmonic. In this case, it is well known that
for any function λ : M2 → R+, the conformal immersion φ : (M2, g¯ = λ−2g) →
(Nn, h) is again harmonic and hence trivially biharmonic. So every minimal
surface admits a trivial biharmonic conformal immersion into its ambient space.
An example of a surface that admits a proper biharmonic conformal immersion
into its ambient space is the circular cylinder φ : R2 → (R3, δij), φ(x, y) =
(R cos x
R
, R sin x
R
, y) in Euclidean 3-space. As we have seen in Proposition 3.4
that there exists λ : R2 → R+ with λ−2(x, y) = ey/R so that the conformal
immersion φ : (R2, λ−2(dx2 + dy2))→ (R3, δij) is a proper biharmonic map.
The following theorem shows that, locally, a circular cylinder is the only one
among surfaces of constant mean curvature without umbilical point that admit
a proper biharmonic conformal immersion into R3.
Theorem 3.6. [35] If a surface in R3 with non-zero constant mean curvature
and no umbilical point can be biharmonically conformally immersed into R3, then,
locally, it is an open portion of a circular cylinder.
By a well-known results of [13], any proper biharmonbic isometric immersion
of a surface into 3-sphere is given by the the standard isometric embedding
S2( 1√
2
) → S3 or a part of it. An interesting question to ask is whether there
is a surface in Euclidean 3-sphere that admits a proper biharmonic conformal
immersion into S3. The following theorem gives a partial answer to the question.
Theorem 3.7. [37] If φ : (M2, g = φ∗h) → (S3, h) is a compact surface in
Euclidean 3-sphere with |A|2 ≥ 2, and suppose that there is a function λ so that
the conformal immersion φ : (M2, g¯ = λ−2g) → (S3, h) is biharmonic. Then,
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either M2 is minimal, or λ is constant, M2 = S2(1
2
), and φ : M2 → S3 is the
standard embedding S2( 1√
2
)→ S3.
Finally, we close this review with the following preliminary result about bi-
harmonic conformal immersions of surfaces into a Euclidean space obtained from
a consideration similar to Weierstrass representation of harmonic conformal im-
mersions.
Theorem 3.8. [32] A map φ : (M2, g = λ2(du2 + dv2)) → Rn into Euclidean
space is a biharmonic conformal immersion if and only if the section φ = ∂ϕ
∂z
=
1
2
(ϕu − iϕv) = φ
α(z) ∂
∂yα
solves the system
n∑
α=1
(φα)2 = 0,
n∑
α=1
|φα|2 6= 0,(13)
∂
∂z¯
∂
∂z
(
λ−2
∂φσ
∂z¯
)
= 0, σ = 1, 2, . . . , n.(14)
Acknowledgments. The author would like to thank Cezar Oniciuc and the
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